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ABSTRACT

ns

o0
In this work, we have introduced and studied the Bicomplex version of Complex Dirichlet Series T (S) = Zane‘ . We

n=1

0
have derived condition for which the sum function of the Bicomplex Dirichlet Series f (§) = Z(xn e "% represents an

n=1

entire function. The Entireness of sum and Hadamard product of two Entire Bicomplex Dirichlet Series are also discussed..
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INTRODUCTION
Throughout this paper, the set of Bicomplex numbers is

C2 and the sets of complex and real numbers are

denoted by Cl and CO, respectively. For details of the theory
of bicomplex numbers.*
The set of Bicomplex Numbers defined as:

C2 :{X1+I1X2 X FLX, T X XX ECO,

denoted by

- - -2_-2_ - o= _- -
=1, and I7 =i =-1 |1|2—|2|1}

We shall use the notations C(Il) and C(IZ) for the
following sets:

C(iy)={u+iv:u,veCy}
C(iy)={a+iB:0,peCy}

1.1 IDEMPOTENT ELEMENTS:
Besides 0 and 1, there are exactly two non — trivial
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idempotent elements inC,, denoted as €, and €, and

1+i4 1—ii
defined as €, = 21 2 and e, = 12

Note that €, +€, =1 and €,8, =€,6; =0.
1.2 CARTESIAN IDEMPOTENT SET:
Cartesian idempotent set X determined by X;and X, is

denoted as X; x, X, and is defined as
X=
X x X ={eec,ig="te +%e, (%, % )e X xX }
C,=C() X, C(i,)=C(i )e, +C(i e,
={£€C, &= "ge +°Le,, ('€, 7€) €C(i )x C(i )}
C,=C(i,)x_C(i,)=C(i,)e +C(i,e,
={6€C,:8=¢ e +,e,,(§,5,) €C,)xC(i )}

1.3 IDEMPOTENT REPRESENTATION OF BICOMPLEX NUMBERS

(1) C(i,) -idempotent representation of Bicomplex Number
is given by
§=z,+1,2,= (Zl _|1zz)e1 + (Zl + I122)62

='e + e,
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(1) C(i,) -idempotent representation of Bicomplex
Number is given by

E=(x = |2X3) LG HLX) =W LW,

= (Wl _Izwz)el + (Wl + Izwz)ez = E”l et az €

Note 1.1: Out of the two idempotent representation, we use
C(i,) -idempotent representation. All the results also proved

with the help of C(i, ) -idempotent representation technique.

Thenormin C,, is defined as
12 | |2¢)? /2
g +|°¢
R A R R

_ly2 2 2 2|42
= [x1 + X5 + X3 +x4]
C, becomes a modified Banach algebra, in the sense that

|&n]< V2 e[ ]l . @D

1.4 COMPLEX DIRICHLET SERIES:4-6
A Dirichlet series is a series of the form

f(s) = Zane‘“‘s where {X} is a strictly monotonically
=1
increasing and unbounded sequence of positive real numbers,
and S = o + it isacomplex variable.
When the sequence {A, } of exponent is to be emphasized,
such a series is called a complex Dirichlet series of type A, .4

A Dirichlet series of the type n is a power series in e~ ° is

o0 o0
givenby F() =D a,e™™ =>a, ()"
n=1 n=1

A Dirichlet series of type logn is the Generalized

o0
Riemann Zeta function is given by f(S) = Zan n-*

n=1
Abscissae of convergence and absolute convergence:
To every Dirichlet series, there exists a number o such

o0

that the Dirichlet series T (S) =Zan e "® converges for
n=1

Re(s) > o, and diverges for Re(S)<o,. The number

G, is called the abscissa of convergence of the series, and the

line Re(S) = o, is called the line of convergence.
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To every Dirichlet series, there exists a number G such that

o0
the Dirichlet series f(S) = Zan e " is absolutely
n=1
convergent for Re(S) > G , and not absolutely convergent for
Re(s) <o (this region comprise the region Re(S) < 6, of
divergence, the region o, <Re(S)<G of conditional

convergence and the line Re (S) = 6 ).
The quantity o is called the abscissa of absolute

o0
convergence of the series T(S) = Zan e "

n=1
Re(s) = G is called the line of absolute convergence.

and the line

1.5 ENTIRENESS OF COMPLEX DIRICHLET SERIES:

THEOREM 1.1:4

0
For the complex Dirichlet Series Zan e *n®
n=1
__ logla, |

— N
If lim — <oo,Then 65 =6 =|im ————.
7\'n }\‘n

0
Corollary 1.1: For a Dirichlet Series f (S) = Zan e "

n=1
oy =5 —fim %912 |
n

— N —0nN
Proof: A, =N = lim—=Ilim—=1< o

n n

Hence, 6, =5 =lim %

Corollary 12: The Complex Dirichlet Series

o0
f(s) = Zan e™"® represents an Entire function iff
=1

|an|% —0an—o0.
Proof:

o0
For entireness of f(S) = Zan e "
n=1

el | T I
n n

& limlog|a, |1 == o < lim|a, |7 =0

<:>|an |%—>0 as N — oo
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o0
Hence T(S) = Zan e™"° represents an Entire function if
|an |% —>0a n-—>oo.

2.BICOMPLEX DIRICHLET SERIES:
In this paper we discuss a Bicomplex Dirichlet Series of type

n, which is a Bicomplex Power Series in e s
00 00
f€)=20oe =3 a, ()
n=1 n=1
where {o, } is a sequence of bicomplex numbers and & is

a bicomplex variable.
Note that,

n=1

Da e = ta, e e+ D Pa e e,
n=1 n=1

= (&) ="f('g)e, + F(*E)e,

0
Where, f(ﬁ):Zocn e "% is a Bicomplex Dirichlet

Series and

=3 e,
n=1

2f (%) = z 208" "% e Complex Dirichlet Series.
Th roughout, We denote the abscissae of convergence of the

X 1 © 2
Complex Dirichlet series z 1ocne_n§ and z Zocne_n :
n=l n=1
by o, and G, and abscissae of their absolute convergence by

G, and G, , respectively.

THEOREM 2.1:

o0
For the Bicomplex dirichlet Series (&) = Z(xn e "s
n=1L
oo |
6,=06,=0, =0, =lim
n
if, 00y, =0y, 0O,
Proof:
Oy =0y H110, +1503, H111,00,,
Otn =10Ln el + 2ane2
Where, 1ocn = (oty, + 0y, )+ (0, —0tg,) and

2 -
Op :(aln _a4n)+|1(a2n +a3n)
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= (0 )2+ (0o )? + (ot )? + (cgn )

T 0gp Oy = OlppOlgy

Also ,
2 2 2 2
"an” = \/(aln) + (a2n) + (a3n) + (a4n)
1 2 .
Hence, ||an||: =‘ | Iff Ol Oy = OlopOlgy,
Iog‘
As, 6, =G, =lim———! and
n
Iog‘ o, ‘
G, =G, = lim [cf. Cor. 1.1]
n
— log|la
Hence, 6, =G; =0, =G, =lim M
n

THEOREM 2.2:

0
The Bicomplex Dirichlet series Zan e™"% and the ko
n=1

o0
derivative defined by Z(—n)" o, e have the same

n=1
region of convergence.
Proof:
Iog‘1
0, =0 =\ and
n
|Og‘20cn
c, =G, =lim
n

Let p;, P, and p;, P, are the associated abscissae of
convergence and absolute convergence of the Bicomplex

o0
Dirichlet series Y (—n)* o, e7"°.
n=1
The,

klogn+ Iog‘

—lim

n

logn '09‘
g +1im
n n

—Kklim——
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1
_ logn — Iog‘ o, Iog‘
=k I|mi+llm =0 +lim ——!
n n n
_ |Og‘1ocn
=lim
n
Similarly,
k 2
. Iog‘(—n) G| — Iog‘
p, =p, =lim =lim
2 2 n n
THEOREM 2.3:

The Bicomplex Dirichlet series Zan e "% and the
n=1

Bicomplex Dirichlet series Z — _ e~ "% obtained after

n=1 (—n)

k—times term-by-term integration of Zan e "% have the

n=1
same region of convergence.
Proof:
1
B Iog‘ o,
6, =6, =lim and
n
2
- i Iog‘ o,
G =06;=
n

Let p;, P, and Py, P, are the associated abscissae of
convergence and absolute convergence of the Bicomplex

(09 _
Dirichlet series z— e ng_
na (— n)
1

o
|Og . n
= | n)f
Then, p; =p; = lim —————
n
—_log'a, logn
=lim —klim—=
n n
log|*at,, | |Og‘1oc
- . ogn — n
=lim -k Ilmi:hm — -0
n n n
__log*a,
=lim
n
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:Gl
Similarly,
2
o
|097n
_ o len)f] o logfa
P2 =pP2 n n 2

ENTIRE BICOMPLEX DIRICHLET SERIES

DEFINITION2.1:

The Bicomplex Dirichlet series f(&)zzo(n e "¢ s

said to be an entire Bicomplex Dirichlet Series if it is
convergent in the entire C , —space.

THEOREM 2.4
1 1

||ocn||5—>0 as N —> oo if and only if ‘1ocn N 50 as

1

n—>o and ‘Zocn”—>0 as N —>o, where

_1 2
o, ="0,6+ “o,€,.

Proof:
1
Let||(xn||ﬁ—>0asn—>oo
1
Given €>0 I meN, such that ||ocn||ﬁ<s
Ynxm

Now Yn=m,

1
2 02

o, < €" =

2
+
2

2
o

n

<&

2 2 2
1 1 2
:>‘oc + | a a,| <2&°"and

‘ 2

<282”:>‘

n

1 1
2 i i
‘2 <282”:>‘1ocn”—>0and‘zocn”—>0

oy
1

Jn—>0 a n—oow and

1
Conversely et ‘

1
o," >0an—>ow

‘ 2

ie Giveng>0 I3m;,m,eN

1
Such that ‘1ocn n<eg vVnz=m; and ‘Zocn n<eg

vn>m,
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Let M= max(m,;, m,)
1

1
Then Vnzm,‘lanﬁ<s and ‘Zocnﬁ<s
- 1
[ty 4] 20,
Jog |<| | =
2||ocn||2=1(xn2+20cn23

2|, | P< e+ =27
1
= ||ocn ||F —>0asn—ow

THEOREM 2.5:

The Bicomplex Dirichlet series f(&) = Zocn e "% isan
entire  Bicomplex Dirichlet series if and only if both

)oY tag e o ()Y taye

are entire Complex Dirichlet series.

Corollary 2.1: The Bicomplex Dirichlet series
f(EJ) = Z(xn e "% is an entire Bicomplex Dirichlet series

ifand only if 6, = —00 and G, = —00.

Corollary 22: The Bicomplex Dirichlet series
f(g) = Zocn e " is an entire Bicomplex Dirichlet series

n_50.

ifand only if “1ocn

"— 0 and ”Zocn

Corollary 23: The Bicomplex Dirichlet series
f(g) = Zocn e™" S is an entire Bicomplex Dirichlet series
1

iff o, | — 0.

THEOREM 2.6:

0
Let h(§) = Z(an[_’)n )e‘ "% be the Hadamard product
=1

of f@) :Z(;(ne‘”é and g(a) = Z Bne_né. If fand g are
n=l n=1

entire Bicomplex Dirichlet series, then h is also an entire
Bicomplex Dirichlet series.
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Proof:

f(€)= iane_ " and g(&) = i B,e " are two
=1 n=1

Entire Bicomplex Dirichlet Series
1 1

:>||ocn ||E—>0 as N — 00 and ||[3n ||E—>0 as
n—o
ie.given €>0 3Im;,m,eN
1 1
Such that ||ocn||ﬁ<s Y nzm, and ||Bn||ﬁ<8

v n>m,
Let m= max(m,, m,)
1 1
Now V n>m, ||ocn|| N<eg and ||[3n|| N<e
Now, Jetn B [ <2 o] [ B =

[t Bo [0 <2 ] [ [ [Bo [n < @7 () (@)

=@ ¢’
1 1 1
= o, Bn[n < (@2 e = o, Byfn > 0as
n—oo
Hence h(§) = i(an[_’)n )e‘”é is an entire Bicomplex
1

Dirichlet Series.

THEOREM 2.7:

If f(a)ziocne‘”é and g(a)zi[_%ne‘”é be two
n=1 n=1

entire  Bicomplex Dirichlet series, then the series

0

Z(an B, )e‘”é is also an entire Bicomplex Dirichlet
n=1
series.

THEOREM 2.8:

0
If Zan e "% is an Entire Bicomplex Dirichlet Series,
n=1

0

then k" derivative defined by »_(—n) o, e " s also
n=1

an Entire Bicomplex Dirichlet Series.
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Proof:

0
f(g):Zan e "5 is an Entire Bicomplex Dirichlet
=1

Series
1
ie ||ocn ||E—>O as N — oo
1 k 1
Now, | (=m)*a, [ = ()" oty o =
L K

H(—n)kan n50a h—wo (M) =0 as
n—oo
THEOREM 2.9:

0
If the Bicomplex Dirichlet series Z o, & ne is an entire
n=1
Bicomplex Dirichlet series then the Bicomplex Dirichlet series
0
an -né . .
Z X € obtained after k-times term-by-term
n=1 ( - n)

0

integration of Zan e " is also an entire Bicomplex
n=1

Dirichlet series.

Proof:

0
Let (&)= Z()Lne_né is an entire Bicomplex Dirichlet
-1

1
series i.e. ||ocn || ">0an—>w
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1 1 L
ap | _ Jonlr_foalr

S T

=

Now,

k

1
n —
—>0an—ow v (N)" >0an—o0

Op
(—m)"

0
o —
= z _nk e ne is an entire Bicomplex Dirichlet
n=1 (_n)
series.
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